Introduction {#Sec1}
============

Background {#Sec2}
----------

In this paper, we continue the program set up by the second author \[[@CR70]\] and study the transport property of Gaussian measures on Sobolev spaces under the dynamics of a certain Hamiltonian partial differential equation (PDE).

In probability theory, there is an extensive literature on the transport property of Gaussian measures under linear and nonlinear transformations. See, for example, \[[@CR3], [@CR6], [@CR19], [@CR24], [@CR25], [@CR45], [@CR62]\]. Classically, Cameron--Martin \[[@CR19]\] studied the transport property of Gaussian measures under a shift and established a dichotomy between absolute continuity and singularity of the transported measure. In the context of nonlinear transformations, the work in \[[@CR45], [@CR62]\] considers nonlinear transformations that are close to the identity, while the work in \[[@CR24], [@CR25]\] considers the transport property under the flow generated by (non-smooth) vector fields. In particular, in \[[@CR25]\], the existence of quasi-invariant measures under the dynamics was established under an exponential integrability assumption of the divergence of the corresponding vector field. We also note a recent work \[[@CR53]\] establishing absolute continuity of the Gaussian measure associated to the complex Brownian bridge on the circle under certain gauge transformations.

In the field of Hamiltonian PDEs, Gaussian measures naturally appear in the construction of invariant measures associated to conservation laws such as Gibbs measures. These invariant measures associated to conservation laws are typically constructed as weighted Gaussian measures. There has been a significant progress over the recent years in this subject. See \[[@CR8]--[@CR12], [@CR14]--[@CR16], [@CR18], [@CR27], [@CR28], [@CR30], [@CR31], [@CR48]--[@CR50], [@CR52], [@CR55]--[@CR57], [@CR61], [@CR63], [@CR65], [@CR67]--[@CR69], [@CR71], [@CR72], [@CR74], [@CR75]\]. On the one hand, in the presence of such an invariant weighted Gaussian measure, one can study the transport property of a specific Gaussian measure, relying on the mutual absolute continuity of the invariant measure and the Gaussian measure. On the other hand, the invariant measures constructed in the forementioned work are mostly supported on rough functions with the exception of completely integrable Hamiltonian PDEs such as the cubic nonlinear Schrödinger equation (NLS), the KdV equation, and the Benjamin--Ono equation \[[@CR29], [@CR71], [@CR72], [@CR74], [@CR75]\]. These completely integrable equations admit conservation laws at high regularities, allowing us to construct weighted Gaussian measures supported on smooth functions. In general, however, it is rare to have a conservation law at a high regularity and thus one needs an alternative method to study the transport property of Gaussian measures supported on smooth functions under the dynamics of non-integrable PDEs.

In the following, we consider the cubic fourth order NLS as a model equation and study the transport property of Gaussian measures supported on smooth functions. In particular, we prove that the transported Gaussian measures and the original Gaussian measures are mutually absolutely continuous with respect to each other. Our approach combines PDE techniques such as an energy estimate and normal form reductions and probabilistic techniques in an intricate manner.

Cubic fourth order nonlinear Schrödinger equation {#Sec3}
-------------------------------------------------
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### Proposition 1.1 {#FPar1}

The cubic fourth order NLS ([1.1](#Equ1){ref-type=""}) is globally well-posed in $\documentclass[12pt]{minimal}
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See Appendix A for the proof. We point out that Proposition [1.1](#FPar1){ref-type="sec"} is sharp in the sense that ([1.1](#Equ1){ref-type=""}) is ill-posed below $\documentclass[12pt]{minimal}
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Our main goal is to study the transport property of Gaussian measures on Sobolev spaces under the dynamics of ([1.1](#Equ1){ref-type=""}).

Main result {#Sec4}
-----------
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Recall the following definition of quasi-invariant measures. Given a measure space $\documentclass[12pt]{minimal}
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Instead, we follow the approach introduced by the second author in the context of the (generalized) BBM equation \[[@CR70]\]. In particular, we combine both PDE techniques and probabilistic techniques in an intricate manner. Moreover, we perform both local and global analysis on the phase space. An example of local analysis is an energy estimate (see Proposition [6.1](#FPar22){ref-type="sec"} below), where we study a property of a particular trajectory, while examples of global analysis include the transport property of Gaussian measures under global transformations discussed in Sect. [4](#Sec8){ref-type="sec"} and a change-of-variable formula (Proposition [6.6](#FPar30){ref-type="sec"}).

As in \[[@CR70]\], it is essential to exhibit a smoothing on the nonlinear part of the dynamics of ([1.1](#Equ1){ref-type=""}). Furthermore, we crucially exploit the invariance property of the Gaussian measure $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _s$$\end{document}$ under some nonlinear (gauge) transformation. See Sect. [4](#Sec8){ref-type="sec"}. In the context of the generalized BBM considered in \[[@CR70]\], there was an obvious smoothing coming from the smoothing operator applied to the nonlinearity. There is, however, no apparent smoothing for our Eq. ([1.1](#Equ1){ref-type=""}). In fact, a major novelty compared to \[[@CR70]\] is that in this work we exploit the dispersive nature of the equation in a fundamental manner. Our main tool in this context is normal form reductions analogous to the approach employed in \[[@CR4], [@CR37], [@CR47]\]. In \[[@CR4]\], Babin--Ilyin--Titi introduced a normal form approach for constructing solutions to dispersive PDEs. It turned out that this approach has various applications such as establishing unconditional uniqueness \[[@CR37], [@CR47]\] and exhibiting nonlinear smoothing \[[@CR32]\]. The normal form approach is also effective in establishing a good energy estimate, though such an application of the normal form reduction in energy estimates is more classical and precedes the work of \[[@CR4]\]. See Sect. [6.1](#Sec13){ref-type="sec"}.

In \[[@CR62]\], Ramer proved a criterion on quasi-invariance of a Gaussian measure on an abstract Wiener space under a nonlinear transformation. In the context of our problem, this result basically states that $\documentclass[12pt]{minimal}
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### Remark 1.3 {#FPar3}

\(i\) In the higher regularity setting $\documentclass[12pt]{minimal}
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                \begin{document}$$s > 1$$\end{document}$, we can reduce the proof of Theorem [1.2](#FPar2){ref-type="sec"} to Ramer's result \[[@CR62]\]. See Sect. [5](#Sec9){ref-type="sec"}. While there is an explicit representation for the Radon--Nikodym derivative in \[[@CR62]\], we do not know how to gain useful information from it at this point

\(ii\) In the low regularity case $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{3}{4} < s \le 1$$\end{document}$, we employ the argument introduced in \[[@CR70]\]. See Sect. [6](#Sec12){ref-type="sec"}. This argument is more quantitative and in particular, it allows us to obtain a polynomial upper bound on the growth of the Sobolev norm. However, such a polynomial growth bound may also be obtained by purely deterministic methods. See Remark 7.4 in \[[@CR70]\]. A quasi-invariance result with better quantitative bounds may lead to an improvement of the known deterministic bounds. At the present moment, however, we do not know how to make such an idea work.

\(iii\) We point out that the existence of a quasi-invariant measure is a qualitative statement, showing a delicate persistency property of the dynamics. In particular, this persistence property due to the quasi-invariance is stronger than the (usual) persistence of regularity. In a future work, we plan to construct Hamiltonian dynamics possessing the persistence of regularity such that the Gaussian measure $\documentclass[12pt]{minimal}
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### Remark 1.4 {#FPar4}

Let us briefly discuss the situation for the related cubic (second order) NLS:$$\documentclass[12pt]{minimal}
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Organization of the paper {#Sec5}
-------------------------

In Sect. [2](#Sec6){ref-type="sec"}, we introduce some notations. In Sect. [3](#Sec7){ref-type="sec"}, we apply several transformations to ([1.1](#Equ1){ref-type=""}) and derive a new renormalized equation. We also prove a key factorization lemma (Lemma [3.1](#FPar5){ref-type="sec"}) which play a crucial role in the subsequent nonlinear analysis. We then investigate invariance properties of Gaussian measures under several transformations in Sect. [4](#Sec8){ref-type="sec"}. In Sect. [5](#Sec9){ref-type="sec"}, we prove Theorem [1.2](#FPar2){ref-type="sec"} for $\documentclass[12pt]{minimal}
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Reformulation of the cubic fourth order NLS {#Sec7}
===========================================
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Gaussian measures under transformations {#Sec8}
=======================================

In this section, we discuss invariance properties of Gaussian measures under various transformations.

Lemma 4.1 {#FPar7}
---------
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Lemma 4.2 {#FPar9}
---------

Given a complex-valued mean-zero Gaussian random variable *g* with variance $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma $$\end{document}$, i.e. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g \in {\mathcal {N}}_{\mathbb {C}}(0, \sigma )$$\end{document}$, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ Tg = e^{i t |g|^2} g$$\end{document}$ for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t \in {\mathbb {R}}$$\end{document}$. Then, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Tg \in {\mathcal {N}}_{\mathbb {C}}(0, \sigma )$$\end{document}$.

Proof {#FPar10}
-----
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Next, we extend Lemma [4.2](#FPar9){ref-type="sec"} to the higher dimensional setting.

Lemma 4.3 {#FPar11}
---------
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While we could adapt the proof of Lemma [4.2](#FPar9){ref-type="sec"} to the higher dimensional setting, this would involve computing determinants of larger and larger matrices. Hence, we present an alternative proof in the following.

Proof {#FPar12}
-----
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Lastly, we conclude this section by stating the invariance property of quasi-invariance under a composition of two maps.
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-----
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In this section, we present the proof of Theorem [1.2](#FPar2){ref-type="sec"} for $\documentclass[12pt]{minimal}
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Normal form reduction {#Sec10}
---------------------
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At this point, the computation in ([5.2](#Equ34){ref-type=""}) is rather formal and thus requires justification in several steps. In the first step, we switched the order of the time integration and the summation:$$\documentclass[12pt]{minimal}
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The following lemma shows a nonlinear smoothing for ([3.6](#Equ18){ref-type=""}). Note that the amount of smoothing for $\documentclass[12pt]{minimal}
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### Lemma 5.1 {#FPar17}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s> \frac{1}{2}$$\end{document}$. Then, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert {\mathfrak {N}}(v)(t) \Vert _{H^{s+2}}&\lesssim \Vert v(0)\Vert _{H^s}^3 + \Vert v (t)\Vert _{H^s}^3 + t \sup _{t' \in [0, t]} \Vert v (t')\Vert _{H^s}^5, \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert {\mathfrak {R}}(v)(t) \Vert _{H^{3s}}&\lesssim t \sup _{t' \in [0, t]} \Vert v (t')\Vert _{H^s}^3. \end{aligned}$$\end{document}$$

### Proof {#FPar18}

By Lemma [3.1](#FPar5){ref-type="sec"} and the algebra property of $\documentclass[12pt]{minimal}
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Consequence of Ramer's result {#Sec11}
-----------------------------

In this subsection, we present the proof of Theorem [1.2](#FPar2){ref-type="sec"} for $\documentclass[12pt]{minimal}
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                \begin{document}$$s > 1$$\end{document}$. The main ingredient is Ramer's result \[[@CR62]\] along with the nonlinear smoothing discussed in the previous subsection. We first recall the precise statement of the main result in \[[@CR62]\] for readers' convenience.
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Here, *HS*(*H*) denotes the space of Hilbert--Schmidt operators on *H* and *GL*(*H*) denotes invertible linear operators on *H* with a bounded inverse.
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### Remark 5.4 {#FPar21}
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Proof of Theorem [1.2](#FPar2){ref-type="sec"}: $\documentclass[12pt]{minimal}
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==============================================================================

In this section, we present the proof of Theorem [1.2](#FPar2){ref-type="sec"} for $\documentclass[12pt]{minimal}
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As in Sect. [5](#Sec9){ref-type="sec"}, we carry out our analysis on ([3.6](#Equ18){ref-type=""}). Let us first introduce the following truncated approximation to ([3.6](#Equ18){ref-type=""}):$$\documentclass[12pt]{minimal}
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We also consider the following finite dimensional system of ODEs:$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t, \tau \in {\mathbb {R}}$$\end{document}$, denote by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Psi _N(t, \tau )$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\widetilde{\Psi }_N(t, \tau )$$\end{document}$ the solution maps of ([6.1](#Equ53){ref-type=""}) and ([6.3](#Equ55){ref-type=""}), sending initial data at time $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$ to solutions at time *t*, respectively. For simplicity, we set$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Psi _N(t) = \Psi _N(t, 0) \quad \text {and} \quad \widetilde{\Psi }_N(t) = \widetilde{\Psi }_N(t, 0) \end{aligned}$$\end{document}$$when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau = 0$$\end{document}$. Then, we have the following relations:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Psi _N(t, \tau ) = \widetilde{\Psi }_N (t, \tau ) {\mathbf {P}}_{\le N} + {\mathbf {P}}_{>N} \quad \text {and} \quad {\mathbf {P}}_{\le N} \Psi _N(t, \tau ) = \widetilde{\Psi }_N (t, \tau ) {\mathbf {P}}_{\le N}. \end{aligned}$$\end{document}$$

Energy estimate {#Sec13}
---------------

In this subsection, we establish a key energy estimate. Before stating the main proposition, let us first perform a preliminary computation. Given a smooth solution *u* to ([1.1](#Equ1){ref-type=""}), let *v* be as in ([3.4](#Equ16){ref-type=""}). Then, from ([3.6](#Equ18){ref-type=""}), we have$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} E_t(v)&= \Vert v\Vert _{H^s}^2 - 2{\hbox {Re }}\sum _{n \in {\mathbb {Z}}} \sum _{\Gamma (n)} \frac{e^{ - i \phi ({\bar{n}}) t}}{ \phi ({\bar{n}})} \langle n \rangle ^{2s} v_{n_1} \overline{v_{n_2}} v_{n_3} \overline{v_n} \nonumber \\&=: \Vert v\Vert _{H^s}^2 + R_t(v). \end{aligned}$$\end{document}$$Then, we have the following energy estimate.

### Proposition 6.1 {#FPar22}
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Recall that the probability measures $\documentclass[12pt]{minimal}
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Before proceeding to the proof of this proposition, recall the following arithmetic fact \[[@CR39]\]. Given $\documentclass[12pt]{minimal}
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Weighted Gaussian measures {#Sec14}
--------------------------
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In the following, we restrict our attention to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s > \frac{1}{2}$$\end{document}$. Hence, we view $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _{s, N, r, t}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _{s, r, t}$$\end{document}$ as probability measures on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^2({\mathbb {T}})$$\end{document}$.

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _{s, r}$$\end{document}$ be as in ([2.5](#Equ12){ref-type=""}). Then, it follows from Proposition [6.2](#FPar24){ref-type="sec"} that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _{s, r, t}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _{s, r}$$\end{document}$ are mutually absolutely continuous. Moreover, we have the following 'uniform convergence' property of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _{s, N, r, t}$$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _{s, r, t}$$\end{document}$.

### Corollary 6.3 {#FPar25}
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The proof of Proposition [6.2](#FPar24){ref-type="sec"} follows closely Bourgain's argument in constructing Gibbs measures \[[@CR8]\]. We first recall the following basic tail estimate. See \[[@CR58], Lemma 4.2\] for a short proof.

### Lemma 6.4 {#FPar26}
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### Proof of Proposition 6.2 {#FPar27}
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We conclude this subsection by stating a large deviation estimate on the quantity appearing in the energy estimate (Proposition [6.1](#FPar22){ref-type="sec"}).

### Lemma 6.5 {#FPar28}
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### Proof {#FPar29}
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A change-of-variable formula {#Sec15}
----------------------------

In this subsection, we establish an important change-of-variable formula (Proposition [6.6](#FPar30){ref-type="sec"}). It is strongly motivated by the work \[[@CR71], [@CR72]\]. We closely follow the argument presented in \[[@CR70]\].
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### Proposition 6.6 {#FPar30}
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### Lemma 6.7 {#FPar31}
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### Proof {#FPar32}

The finite dimensional system ([6.3](#Equ55){ref-type=""}) basically corresponds to the finite dimensional Hamiltonian approximation to ([1.1](#Equ1){ref-type=""}) under two transformations ([3.2](#Equ14){ref-type=""}) and ([3.4](#Equ16){ref-type=""}). Therefore, morally speaking, the lemma should follow from the inherited Hamiltonian structure and Liouville's theorem. In the following, however, we provide a direct proof.
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We now present the proof of Proposition [6.6](#FPar30){ref-type="sec"}.

### Proof of Proposition 6.6 {#FPar33}

The first equality in ([6.28](#Equ80){ref-type=""}) is nothing but the definition of $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \rho _{s, N, r, t} (\Psi _N(t, \tau )(A)) = \widehat{Z}_{s, N, r}^{-1} \int _{L^2} {\mathbf {1}}_{A} ( v ) {\mathbf {1}}_{\{\Vert v\Vert _{L^2 } \le r\}} e^{-\frac{1}{2} E_t( {\mathbf {P}}_{\le N} \Psi _N(t, \tau )( v))} dL_N\otimes d\mu _{s, N}^\perp . \end{aligned}$$\end{document}$$This proves the second equality in ([6.28](#Equ80){ref-type=""}). $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

On the evolution of the truncated measures {#Sec16}
------------------------------------------

In this subsection, we establish a growth estimate on the truncated measure $\documentclass[12pt]{minimal}
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### Lemma 6.8 {#FPar34}
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As in \[[@CR69], [@CR71], [@CR72]\], the main idea of the proof of Lemma [6.8](#FPar34){ref-type="sec"} is to reduce the analysis to that at $\documentclass[12pt]{minimal}
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### Proof {#FPar35}
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As a corollary to Lemma [6.8](#FPar34){ref-type="sec"}, we obtain the following control on the truncated measures $\documentclass[12pt]{minimal}
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### Lemma 6.9 {#FPar36}
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Proof of Theorem [1.2](#FPar2){ref-type="sec"} {#Sec17}
----------------------------------------------
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Finally, we present the proof of Theorem [1.2](#FPar2){ref-type="sec"}.

### Proof of Theorem 1.2 {#FPar40}
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Appendix A. On the Cauchy problem ([1.1](#Equ1){ref-type=""}) {#Sec18}
=============================================================

In this appendix, we discuss the well-posedness issue for the Cauchy problem ([1.1](#Equ1){ref-type=""}). In particular, we prove global well-posedness of ([1.1](#Equ1){ref-type=""}) in $\documentclass[12pt]{minimal}
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---------------------------------------------------------------------

We say *u* is a solution to ([1.1](#Equ1){ref-type=""}) if *u* satisfies the following Duhamel formulation$$\documentclass[12pt]{minimal}
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### Proposition 6.11 {#FPar41}
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See Remark [6.12](#FPar42){ref-type="sec"} below for the precise uniqueness statement. Once we prove Proposition [6.11](#FPar41){ref-type="sec"}, global well-posedness (Proposition [1.1](#FPar1){ref-type="sec"}) follows from the conservation of mass ([1.4](#Equ4){ref-type=""}). We prove Proposition [6.11](#FPar41){ref-type="sec"} via the Fourier restriction norm method \[[@CR7]\]. While the argument is standard, we present the details of the proof for the sake of completeness.
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### Remark 6.12 {#FPar42}
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Before presenting the proof of Proposition [6.11](#FPar41){ref-type="sec"}, we first go over preliminary lemmas. Let $\documentclass[12pt]{minimal}
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### Lemma 6.13 {#FPar43}
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### Lemma 6.14 {#FPar44}
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### Proof {#FPar45}

We closely follow the argument for the $\documentclass[12pt]{minimal}
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Indeed, assuming ([A.4](#Equ95){ref-type=""}), by Cauchy-Schwarz inequality, we have$$\documentclass[12pt]{minimal}
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Now, we are ready to prove Proposition [6.11](#FPar41){ref-type="sec"}.

### Proof of Proposition 6.11 {#FPar46}
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### Remark 6.15 {#FPar47}
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Given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N \in {\mathbb {N}}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \in {\mathbb {C}}$$\end{document}$, define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u^{(N, a)}$$\end{document}$ by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} u^{(N, a)}(x, t) = N^{-s} a e^{i(Nx - N^4 t \mp N^{-2s} |a|^2 t)}. \end{aligned}$$\end{document}$$Then, it is easy to see that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u^{(N, a)}$$\end{document}$ is a smooth global solution to ([1.1](#Equ1){ref-type=""}).

Given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n \in {\mathbb {N}}$$\end{document}$, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_{0, n} = u^{(N_n, 1)}(0)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\widetilde{u}_{0, n} = u^{(N_n, 1 + \frac{1}{n})}(0)$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_n \in {\mathbb {N}}$$\end{document}$ is to be chosen later. Then, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert u_{0, n}\Vert _{H^s} , \Vert \widetilde{u}_{0, n}\Vert _{H^s} \lesssim 1 \end{aligned}$$\end{document}$$uniformly in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n \in {\mathbb {N}}$$\end{document}$. Moreover, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert u_{0, n} - \widetilde{u}_{0, n}\Vert _{H^s} \sim \frac{1}{n}. \end{aligned}$$\end{document}$$Note that ([A.13](#Equ104){ref-type=""}) and ([A.14](#Equ105){ref-type=""}) hold independently of a choice of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_n \in {\mathbb {N}}$$\end{document}$.

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_n$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\widetilde{u}_n$$\end{document}$ be the solutions to ([1.1](#Equ1){ref-type=""}) with initial data $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_n|_{t = 0} =u_{0, n}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\widetilde{u}_n|_{t = 0} =\widetilde{u}_{0, n}$$\end{document}$, respectively. Namely, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_{ n} = u^{(N_n, 1)}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\widetilde{u}_{n} = u^{(N_n, 1 + \frac{1}{n})}$$\end{document}$. Given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n \in {\mathbb {N}}$$\end{document}$, define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t_n > 0$$\end{document}$ by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} t_n = \frac{\pi N_n^{2s}}{ \big (1+\tfrac{1}{n}\big )^2 - 1} . \end{aligned}$$\end{document}$$Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s < 0$$\end{document}$, we can choose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_n \in {\mathbb {N}}$$\end{document}$ sufficiently large such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t_n \le \frac{1}{n}$$\end{document}$. Then, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert u_{n}(t_n) - \widetilde{u}_{n}(t_n)\Vert _{H^s} = \Big | e^{\mp i N_n ^{-2s}\{1 - (1+\frac{1}{n})^2\} t_n} - \big (1 + \tfrac{1}{n}\big )\Big | = 2 + \tfrac{1}{n} \ge 2. \end{aligned}$$\end{document}$$Noting that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t_n \rightarrow 0$$\end{document}$ as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ n \rightarrow \infty $$\end{document}$, Lemma [6.16](#FPar48){ref-type="sec"} follows from ([A.13](#Equ104){ref-type=""}), ([A.14](#Equ105){ref-type=""}), and ([A.15](#Equ106){ref-type=""}). $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

### Remark 6.17 {#FPar50}
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### Remark 6.18 {#FPar51}
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Appendix B. On the approximation property of the truncated dynamics {#Sec21}
===================================================================

In this appendix, we perform further analysis on the Eq. ([3.6](#Equ18){ref-type=""}) and its truncated approximation ([6.1](#Equ53){ref-type=""}) and establish a certain approximation property. See Proposition [6.21](#FPar56){ref-type="sec"} below.
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Lemma 6.19 {#FPar52}
----------
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Therefore, the desired estimate ([A.22](#Equ113){ref-type=""}) follows from ([A.25](#Equ116){ref-type=""}), ([A.26](#Equ117){ref-type=""}), and ([A.27](#Equ118){ref-type=""}).
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----------------
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Proof {#FPar57}
-----
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Note that ([3.6](#Equ18){ref-type=""}) is non-autonomous. We point out that this non-autonomy does not play an essential role in the remaining part of the paper, since all the estimates hold uniformly in $\documentclass[12pt]{minimal}
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By multilinearity, we mean it is either linear or conjugate linear in each argument, i.e. linear over real numbers.

This is indeed a normal form reduction applied to the evolution Eq. ([6.6](#Equ58){ref-type=""}) for $\documentclass[12pt]{minimal}
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Here, the Galilean symmetry means basically a translation in the spatial frequency domain with a certain modulation. While this modulation is linear in the spatial frequency for the cubic NLS ([1.7](#Equ7){ref-type=""}), such a modulation for ([1.1](#Equ1){ref-type=""}) is of higher degree for ([1.1](#Equ1){ref-type=""}) in order to match up with $\documentclass[12pt]{minimal}
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In fact, one can establish an a priori bound for ([3.3](#Equ15){ref-type=""}) for lower regularities. We, however, do not pursue this issue here. See \[[@CR59]\].
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